Nucleon Form Factors in a Light-Cone Quark Model with Two-Photon
  Exchange by Chen, Dian-Yong & Dong, Yu-Bing
ar
X
iv
:0
90
7.
00
90
v2
  [
nu
cl-
th]
  7
 A
ug
 20
09
Nucleon Form Factors in a Light-Cone Quark Model
with Two-Photon Exchange
Dian-Yong Chen 1,2∗, Yu-Bing Dong2,3
1Institute of Modern Physics,
Chinese Academy of Sciences, Lanzhou, 730000, P. R. China
2Institute of High Energy Physics,
Chinese Academy of Sciences, Beijing, 100049, P. R. China
3 Theoretical Physics Center for Science Facilities, CAS, Beijing 100049, P. R. China
Abstract
We estimate the two-photon exchange corrections to both proton and neutron electromagnetic
physical observables in a relativistic light cone quark model. At a fixed Q2 the corrections are found
to be small in magnitudes, but strongly dependent on the scattering angle. Our results are comparable
to those obtained from simple hadronic model in a medium momentum transfer region.
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1 Introduction
In the experimental point of view, electron-nucleon scattering is one of time-honored tools to access the
information of the intrinsic structures of the nucleon. These structures are partly reflected by the Sachs
electric (GE(Q
2)) and magnetic (GM (Q
2)) form factors. So far there are two experimental techniques to
∗E-mail: chendy@impcas.ac.cn Tel: +86-931-4969308 Fax: +86-931-4969308
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detect these form factors or the form factors ratio R = µpGE/GM . The traditional one is the Rosenbluth
separation method [1], which extracts the form factors ratio from the angular dependence of the elastic
electron-proton scattering cross section. In the one-photon exchange approximation, the differential cross
section for the e N elastic scattering process is:
dσ
dΩ
∝ G2M (Q2) +
ǫ
τ
G2E(Q
2), (1)
where Q2 = −q2 is the momentum transfer squared, the dynamics factor τ = Q2/4M2 and the photon
polarization parameter ǫ relates to the laboratory scattering angle θ by ǫ = (1+2(1+ τ) tan2 θ/2)−1. For
a given value of Q2, Eq. (1) shows that it is sufficient to determine the form factors by measuring the
differential cross sections at two different values of ǫ.
Polarized lepton beams provide another way to access the form factors [2]. In the one-photon exchange
approximation, the polarization of the recoiling proton along its motion(Pz) is proportional to G
2
M while
the component perpendicular to the motion (Px) is proportional to GEGM . It is much easier to measure
the ratios of polarizations. This method has been used mainly to determine the electromagnetic form
factors ratio R through a measurement of Px/Pz using [3]
Px
Pz
= −
√
2ǫ
τ(1 + ǫ)
GE
GM
. (2)
In the framework of one-photon exchange approximation, one, therefore, has two independent mea-
surements of the form factors ratio R. Recently, this ratio has been observed at the Jefferson Laboratory
by the polarized method [4–6]. It came as a surprise that the newly measured form factors ratio is much
different from the results of the Rosenbluth separations [7–9]. As shown in Eq. (1), the form factors
extracted from the Rosenbluth separation method are strongly lie on ǫ−dependent corrections at large
Q2 region. After re-analyzing the next leading order QED corrections, one finds that the two-photon
exchange (TPE) process should be restudied.
In previous literatures, there have been two different methods to study the TPE contributions in the
electron proton scattering process. One is the simple hadronic model, in which the intermediate states
of the TPE process are taken as baryons. The known MT corrections [10, 11], which have been included
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in the Rosenbluth separation method, are based on this model. It should be emphasized that in the MT
corrections, the loop integrals of TPE contributions are evaluated by setting one of the photon’s momenta
to be zero in both numerators and denominators of the amplitudes, while the rest parts are ignored. In
Ref. [12], different from the MT corrections, the TPE contributions are considered by neglecting one
of the photon’s momenta only in the numerators of the amplitudes. Furthermore, in Ref. [13], the
TPE contributions are evaluated by keeping the full numerators with nucleon intermediate state. The
newly estimated results show that the corrections can at least partly reconcile the apparent discrepancy
between the two separation methods. In the further study more intermediate states have been taken into
considerations [14, 15].
Another approach to deal with the TPE process is the quark model. In this model, the TPE contri-
butions are firstly considered in the quark level and then extended from the quark level to the baryon
level. In Ref. [16, 17], the contributions of TPE process have been studied at large momentum transfer
and wide scattering angle region in a parton model. In these cases, the quark mass can be neglected.
The parton model can work effectively with large momentum transfer. However, the contributions of
the TPE process are still unknown in the medium Q2 region. In this work, we try to calculate the TPE
contributions in a light-cone quark model and compare our results with the predictions of the simple
hadronic model. The contributions of the TPE to unpolarized differential cross sections and polarized
observables will be evaluated at medium Q2 and small ǫ regions.
This paper is organized as follows. In section 2, we re-study the TPE process in quark level with
massive quarks and show a simple comparison of our results with those in Ref. [16,17]. In section 3, a brief
introduction of the light-cone constituent quark model will be addressed, and then we give our analytical
expressions of the TPE contributions in this model. The numerical results and discussions about the
TPE corrections to the differential cross sections and to the polarized observables are displayed in section
4.
3
2 Two-Photon Exchange Process in Quark Level
As the first step, The TPE contributions in quark level (As shown in Fig. 1) will be estimated. According
to parity, time-reversal and lepton helicity conservation, the amplitude of the TPE process in the quark
level can be expanded in terms of three independent Lorentz structures. Generally, the amplitude can be
expressed as,
M2γeq = −i
(eqe)
2
q2
u¯(k′)γµu(k)u¯(p
′
q)
(
f˜1γ
µ + if˜2
σµνqν
2mq
+ f˜3
γ ·KPµq
m2q
)
u(pq), (3)
with Pq = (pq + p
′
q)/2 and K = (k + k
′)/2. Here f˜i, {i = 1, 2, 3} are the functions of Mandelstam
variables s′, u′, t′ in quark level and
s′ = (k + pq)
2, u′ = (k − p′q)2, t′ = (p′q − pq)2 = (k − k′)2. (4)
If we ignore the electron mass, the Mandelstam variables satisfy
s′ + u′ + t′ = 2m2q. (5)
In the actual calculations, the amplitudes of TPE processes corresponding to the Feynman diagrams
in Fig. 1 are:
M2γ
eq(a) = (eeq)
2
∫
d4ℓ
(2π)4
u¯(k′)γµ ℓˆ γνu(k)
[ℓ2 −m2e][(k − ℓ)2 − λ2]
× u¯(p
′
q)γµ(pˆq + kˆ − ℓˆ+mq)γνu(pq)
[(ℓ− k′)2 − λ2][(pq + k − ℓ)2 −m2q]
,
M2γ
eq(b) = (eeq)
2
∫
d4ℓ
(2π)4
u¯(k′)γµ ℓˆ γνu(k)
[ℓ2 −m2e][(k − ℓ)2 − λ2]
× u¯(p
′
q)γν(pˆq − kˆ′ + ℓˆ+mq)γµu(pq)
[(ℓ− k′)2 − λ2][(pq − k′ + ℓ)2 −m2q]
, (6)
where kˆ ≡ γ · k. The factors f˜i, {i = 1, 2, 3} in Eq. (3), therefore, can be extracted from the sum of
above two amplitudes. In Fig. 2, we give a comparison of our results (quark mass mq = 0.22 GeV ) with
those in Ref. [16, 17] in the unit of percent. In the figure the charge of the quark is assumed as eq = e.
At Q2 = 6 GeV 2, one sees that the real parts of our results of f˜1 and f˜3 are close to the results with
massless quark, especially at large ǫq region. Our result about f˜2 with massive quark is comparable to f˜1
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and f˜3 and therefore, it should not be ignored in our calculations. Further more, at Q
2 = 0.5 GeV 2 the
discrepancy of our results with those in Ref. [16,17] are even larger. Thus, one can conclude that at large
Q2 region massless quark may be a good approximation, however, at medium Q2 region the quark mass
is un-neglectable. These conclusions are also suitable for the case imaginary parts of f˜i, {i = 1, 2, 3}.
For further use, we separate the amplitude f˜1 into soft and hard parts, i.e. f˜1 = f˜
soft
1 + f˜
hard
1 . The
soft part can be obtained from Eq. (6) by neglecting one of photon momenta in the numerators of the
amplitudes. Then the soft part of f˜1 is,
f˜ soft1 = −
α
π
ln
∣∣∣∣∣ s
′ −m2q
s′ + t′ −m2q
∣∣∣∣∣ ln
∣∣∣∣ t′λ2
∣∣∣∣ . (7)
One sees f˜ soft1 , which is proportional to lnλ
2, is IR divergent. The hard part of f˜1 and other structure
amplitudes f˜2, f˜3 are IR finite.
Here we must notice that in the parton model [16,17], the soft part of f˜1 is separated out by replacing
one of the photon’s momenta by zero in both numerators and denominators of the amplitudes, then one
can get a three-point Passarino-Veltman function [18], which has no analytical representation and is much
more complicate for massive quark.
3 Two-Photon Exchange in Light-Cone Constituent Quark Model
The second step of studying the TPE contributions in quark model is to embed the amplitudes of quark
level to baryon level. In parton model [16, 17], the general parton distribution functions are employed.
Here we perform similar calculations in a light cone quark model.
It is well-known that the constituent quark model (CQM) developed within a light cone framework
[19–22] appears to be an interesting tool for investigating the electromagnetic properties of hadrons. For
relativistic bound states it provides a momentum-space Fock-state basis defined at t+ = t + z on the
light cone, rather than the more conventional equal-time wave functions of the instant form. On the light
cone, it is consistent to take particles on their mass shell in general. This feature allows using light-cone
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spinors for quarks in multi-quark hadron wave functions rather than propagators in the instant form.
In the light-cone quark model, for a three-quark system, the configuration is conveniently described
in terms of the longitudinal-momentum fractions (Bjorken-Feynman variables) and relative momentum
variables:
xj =
p+j
p+
,
3∑
j=1
xj = 1, 0 ≤ xj ≤ 1,
q3 =
x2p1 − x1p2
x1 + x2
,
Q3 = (x1 + x2)p3 − x3(p1 + p2) = p3 − x3p3. (8)
Where p and pi, {i = 1, 2, 3} are the momenta of nucleon and the quarks. Here p+ =
∑3
j=1 p
+
j reflects
the conservation of the total momentum p. The crucial properties of the relative momentum variables
are Q+3 = q
+
3 = 0, therefore they are space-like four vectors q3 = −q23⊥, Q23 = −Q23⊥. These six relative
variables x1, x2, q3⊥, Q3⊥ are translational invariant and invariant under the three light-cone boost [23].
In present work, the calculations are performed in a symmetric frame [24, 25], which are the same as
those in the parton model [16, 17]. In such a frame the Mandelstam variables in baryon level are
s = (p+ k)2 = −1 + η
4η
t+ (1 + η)M2,
u = (p− k′)2 = 1− η
4η
t+ (1− η)M2,
t = (k − k′)2 = (p′ − p)2, (9)
with η = (s − u − 2√M4 − su)/(4M2 − t). Moreover, in above frame, we have a large p+ (the ′+′
component of the initial proton), then the transverse momenta of the spectator quarks are supposed to
be small relative to p+ and can be neglected. Based on such approximation, the Mandelstam variables
of the quark level can directly connect to those of the baryon level by
s′ = − (x+ η)
2
4xη
t+
x+ η
x
m2q,
u′ =
(x− η)2
4xη
t+
x− η
x
m2q, (10)
where x = p+q /p
+ is the ratio of ′+′ component of the active quark (quark interacting with the external
field) momentum and nucleon momentum.
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The symmetric frame can be taken as a special Drell-Yan frame with the essential feature q+ = 0
[20, 26]. In such a frame, the form factors F1 and F2 under one-photon exchange approximation can be
determined from the J+ matrix elements alone, i.e.,
eF1(q
2) =
M
P+
〈N(P ′) ↑ |J+|N(P ) ↑〉 ,
qL
2M
eF2(q
2) = − M
P+
〈N(P ′) ↑ |J+|N(P ) ↓〉 . (11)
The matrix element for the three-quark nucleon wave function ψN reads,
〈Nλ′| J
+
P+
|Nλ〉 =
3∑
j=1
∫
dΓ ψ†N (x
′
i, q
′
3, Q
′
3, λ
′)
J+q√
p′+j p
+
j
ψN (xi, q3, Q3, λ), (12)
with the invariant phase-space volume element
dΓ =
1
(2π)6
d2q3⊥d
2Q3⊥δ
( 3∑
i=1
xi − 1
) 3∏
i=1
dxi
xi
, (13)
and λ denotes the spin of nucleon. Jµq is the electromagnetic current of the active quark with charge ej.
In the one-photon approximation, we have,
J1γqµ = ej u¯(p
′
j)γ
µu(pj) (14)
After considering TPE contributions, the electromagnetic current of the active quark can be derived from
Eq. (3), it is,
J2γqµ = e(ej)
2u¯(p′j)
(
f˜1γ
µ + if˜2
σµνqν
2mq
+ f˜3
γ ·KPµq
m2q
)
u(pj). (15)
Meanwhile, in the baryon level, after including the TPE contributions, a new term will be introduced in
the nucleon electromagnetic vertex, and the vertex becomes,
Γµ = F˜1γ
µ + F˜2
iσµνqν
2M
+ F˜3
γ ·KPµ
M2
. (16)
Then, after taking the TPE processes into considerations, the corresponding matrix elements in Eq. (11)
become
M
P+
〈N(P ′) ↑ |J+tot|N(P ) ↑〉 = e(F˜1 +
1
2
(η − q
2
L(η
2 − 1)
4m2η
)F˜3),
M
P+
〈N(P ′) ↑ |J+tot|N(P ) ↓〉 = −
qL
2M
e(F˜2 − ηF˜3), (17)
where J totµ = J
1γ
qµ + J
2γ
qµ . With the TPE current of the active quark and the definitions in Eq. (12) we
can get some information about the TPE corrections to nucleon form factors.
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4 Numerical Results and Discussions
In this work no more parameters are needed than those in the one-photon approximation [19–22]. The
nucleon wave function ψN is quoted from Ref. [20,22], in which the quark mass is set as mq = 0.22 GeV
and a gaussian form wave function is employed with a parameter β = 0.55 GeV [20].
From Eq. (17), we can easily get the TPE contributions to the electromagnetic current matrix
element. After considering TPE process, there are three independent Lorentz structures in the nucleon
electromagnetic vertex, so we can not separate out all the information of the TPE corrections to the
nucleon form factors from the two identities in Eq. (17). As we know, the nucleon electric form factors
are smaller than the magnetic form factors, especially for the neutron, so one can suppose TPE corrections
to GNE is zero [27], namely ∆GE = 0. With this assumption, we can estimate the TPE effect on the
nucleon form factors. In our calculations, we define Y D2γ = νF˜3/M
2GD instead of Y2γ = νF˜3/M
2GM
with GD being the form factor in dipole form. In this way, we can represent the TPE corrections
without considering the results under one-photon approximation. In order to make our calculations to
be comparable to the experimental data, we have to consider the IR divergent part in f˜1, i.e. f˜
soft
1 ,
separately. Similar tricks can be done as those in parton model [16, 17]. The soft parts are evaluated in
a simple hadronic model with the nucleon as the intermediate state, while the contributions of the hard
parts, including f˜hard1 , f˜2 and f˜3, are estimate from the matrix elements as shown in the left hand of Eq.
(17).
In Fig. 3, we show our results for the hard part of TPE corrections to nucleon form factors at
Q2 = 1 GeV 2 with the assumption ∆GE = 0. The right (left) panel is the results about the proton
(neutron). For the TPE corrections to the nucleon form factors, one can find, their magnitudes are
very small, but these corrections are strongly dependent on the photon polarization parameter ǫ. These
features are similar to the conclusions drawn from the calculations in parton model [16, 17] and simple
hadronic model [28]. Since in present work we can not separate all the TPE corrections to nucleon form
factors and moreover, as we mentioned in section 2, the soft part separated from f˜1 is not the same as
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those in parton model, then in baryon level, our results about the hard part of TPE corrections to form
factors are not exactly comparable to those obtained in the literatures [16, 17, 28].
After considering TPE corrections, the total unpolarized differential cross section is
dσt
dΩ
≡ dσ
1γ
dΩ
(1 + δ2γ) =
dσ1γ
dΩ
+
(dσ2γsoft
dΩ
− dσ
2γ
MT
dΩ
)
+
dσ2γhard
dΩ
. (18)
The subscript ’soft’ and ’hard’ denote the soft part and the hard part of TPE corrections respectively,
while ’MT’ means the MT corrections which have been included in the experimental data. As we have
mentioned above, the soft part of the TPE corrections is evaluated in simple hadronic model, while the
hard part can be evaluated as
dσ2γhard
dΩ
= 2G1γMRe
[
∆GM + ǫ
ν
M2
F˜3
]
+ 2
ǫ
τ
G1γE Re
[
∆GE +GDY
D
2γ
]
. (19)
With the assumption ∆GE = 0 and the results of TPE corrections to other form factors we can get the
hard part corrections to the cross section. Here the form factors under one-photon approximation G1γE,M
are taken from the Rosenbluth experimental data [29–31].
The TPE corrections to nucleon unpolarized differential cross sections are presente in Fig. 4. The
right (left) panel shows the TPE corrections to proton (neutron) differential cross sections. For proton
case, the TPE corrections are about 1.3% at Q2 = 1 GeV 2 and nearly 2% at Q2 = 3 GeV 2. That means,
with Q2 increasing, the TPE correction increases too, which is consistent with the conclusion drawn from
parton model and simple hadronic model. However, in the simple hadronic model, when only considering
nucleon as the intermediate state [28], the TPE corrections to differential cross sections are about 2%
and 4% at Q2 = 1 GeV 2 and Q2 = 3 GeV 2 separately. While including ∆(1232) as well as the nucleon
in the calculations, the TPE corrections to proton differential cross sections are about 1.8% and 2.8% at
above two momentum transfer points. Then we can conclude that our results about TPE contributions
to proton differential cross sections are comparable to those in simple hadronic model.
For neutron, our results are rather small, about 0.3% and 0.2% at Q2 = 1 GeV 2 and Q2 = 3 GeV 2
separately, which are far less than 0.8% and 1.5% in simple hadronic model [28]. In Ref. [28], only nucleon
is considered as the intermediate state. When more nucleon resonances, such as ∆(1232), are included,
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the TPE corrections to neutron differential cross sections are also supposed to be weaken as the case
of proton [14]. It should be reiterated that in our present work we can not separate out all the TPE
corrections to form factors exactly, and therefore, we can just give a rough estimate about corrections to
the differential cross section.
The polarized observables Px and Pz have extra terms after considering TPE corrections. They are
expressed as:
Px = −
√
2ǫ(1− ǫ)
τ
(dσun
dΩ
)−1{
GEGM +
[
GE∆GM +GM∆GE +GMGDY
D
2γ
]}
,
Pz =
√
1− ǫ2
(dσun
dΩ
)−1{
G2M + 2
[
GM∆GM +
ǫ
1− ǫGMGDY
D
2γ
]}
. (20)
In above expression, the terms in the square brackets are the contributions from TPE, i.e. P 2γx,z. After
taking ∆GE,M = 0 and Y
D
2γ = 0, the above expression will be reduced to those under one-photon
exchange approximation , i.e. P 1γx,z. As shown in Fig . 5, we give the results for TPE corrections to the
polarized observables at Q2 = 1GeV 2. The left panel shows the ratios of P 2γx and P
1γ
x in the unit of
percent. For proton, the TPE correction is about 0.5%, which is close to the results in simple hadronic
model [28]. But for neutron, the correction is much larger, is about 5%. In one photon approximation,
P 1γx is proportional GEGM and G
n
E is so small that P
1γ
x is rather tiny. However, the TPE contributions
contain term GMGDY
D
2γ and G
n
M is much larger than G
n
E , then the ratio P
1γ
x /P
2γ
x , for the neutron may
be relative large. The right panel in Fig. 5 shows the results for the TPE corrections to Pz . For proton,
the correction is about 1%, which is about two times of the results in simple hadronic model [28]. For
neutron, our results is about 0.5%. The TPE corrections to neutron polarized observables keep unknown
in medium Q2 region in both simple hadronic model and parton model.
To summarize, we have studied the TPE corrections in a relativistic constituent quark model for the
first time. The quark mass is found to be un-neglectable in medium momentum transfer region. In
present work, we separate out the TPE contributions to form factors with the assumption ∆GE = 0, and
then study the TPE contributions to the differential cross sections as well as to the polarized observables.
It is found that the TPE corrections to electron-proton scattering differential cross sections are rather
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small in magnitude but with strong ǫ dependence, and the TPE corrections become important at high
Q2 region. These conclusions are consistent with those drawn from parton model and simple hadronic
model. However, For neutron, our results are much smaller than the results in hadronic model. This can
be interpreted as not exactly extracting the TPE contributions to the form factors in our calculations as
well as not including more nucleon resonances in the hadronic model. For polarized observables, the results
for proton in present work are a little larger, but still comparable to those in hadronic model. Further
more, there are some uncertainties for the results in hadronic model because it keeps unknown that how
the nucleon resonances, especially ∆(1232), effect the TPE contributions to polarized observables. For
the case of neutron, the TPE corrections to polarized observables in such low momentum transfer region
have not been studied in previous literatures.
In our calculations, we also try to suppose the TPE contributions to other form factors to be zero
and then study TPE contributions to electromagnetic physical observables. We can get similar results
for proton, but different results for neutron due to the electric form factor of neutron is far less than
the magnetic form factor. In principle, the TPE corrections can be separated by Eq. (17) together
with the matrix element of other component, such as the matrix element of Jy. Unfortunately, for the
contributions of zero mode [32], those separation may be much complicate and we believe that it can be
evaluated in a di-quark model with light-cone formulism. This work is under process.
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Fig. 1: The Two-photon exchange process in quark level
Fig. 2: Comparisons of the real part of f˜i, {i = 1, 2, 3} with massive and massless quark. Here
ǫq = [(s
′ − u′)2 + t′(4mq − t′)]/[(s′ − u′)2 − t′(4mq − t′)]. The solid curves are the results with massive
quark and the dashed curves are those with massless quark.
Fig. 3: Hard part of two-photon exchange contributions to nucleon form factors. The solid lines are
the corrections to magnetic form factors and the dashed lines are those for Y 2γD .
Fig. 4: Two-photon exchange contributions to unpolarized differential cross sections. The solid lines
are the results at Q2 = 1 GeV 2, while the dashed lines are those at Q2 = 3 GeV 2.
Fig. 5: Two-photon exchange contributions to polarized observables at Q2 = 1 GeV 2. The solid lines
are results for proton and the dashed lines are those for neutron.
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Fig. 1: The Two-photon exchange process in quark level.
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Fig. 2: Comparisons of the real part of f˜i, {i = 1, 2, 3} with massive and massless quark. Here ǫq =
[(s′ − u′)2 + t′(4mq − t′)]/[(s′ − u′)2 − t′(4mq − t′)]. The solid curves are the results with massive quark
and the dashed curves are those with massless quark.
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Fig. 3: Hard part of two-photon exchange contributions to nucleon form factors. The solid lines are the
corrections to magnetic form factors and the dashed lines are those for Y 2γD .
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Fig. 4: Two-photon exchange contributions to unpolarized differential cross sections. The solid lines are
the results at Q2 = 1 GeV 2, while the dashed lines are those at Q2 = 3 GeV 2.
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Fig. 5: Two-photon exchange contributions to polarized observables at Q2 = 1 GeV 2. The solid lines are
results for proton and the dashed lines are those for neutron.
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